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Main Result
The main existence theorems for k x k systems of conservation laws [G, CS, GL, NS, D, Y] , have a common feature: either the systems under consideration have k _-< 2, or the initial data are of small total variation. In the latter cases, the variation is uniformly bounded by a fixed multiple of the initial variation. In this note we explain that these restrictions are essential. When k > 3, nonlinear resonance is a mechanism which can produce unbounded amplification of the total variation in finite time. We construct 3 x 3 genuinely nonlinear systems such that each system has a sequence of spatially periodic smooth solutions u N with the property that the L ~ norm tends to zero, the initial variation is bounded above and there are uniformly bounded times tN such that the variations at time tu tend to infinity.
In order to produce unbounded amplification as above we need two things. First there must be a resonance relation involving three distinct modes of propagation. Second for i, j, k distinct the interaction coefficient of i, j waves on the k wave must be large compared to the k-selfmteraction coefficient. For the 3 x 3 Euler equations of compressible gas dynamics the interaction coefficient of two acoustic waves on shear waves is zero so our analysis does not apply in that case.
The idea of the construction is to use solutions of the profile equations of resonant nonlinear geometric optics with the property that the profiles explode in finite time. For linearly degenerate systems explicit explosive profiles were constructed by Majda and Rosales [MR, Remark 4.5]. For genuinely nonlinear systems J. Hunter [H] constructed explicit explosive profiles which are discontinuous, in fact of sawtooth form. The idea is to use the recent justifications of nonlinear geometric optics to conclude that exact solutions behave similarly. The important recent result of Schochet [S] for discontinuous profiles does not suffice in the present context for two reasons. First the L 1 error estimate is not strong enough and second the result does not allow one to approach the blowup time for the profiles. We construct smooth profiles for genuinely nonlinear systems which explode in finite time. The strategy is to show that the explosive profiles of Majda-Rosales persist under genuinely nonlinear perturbations. Then our results [JMR1] apply and the program is complete.
For the Euler equations one knows that the analogous profile equations do not explode in finite time [MRS] . Whether Euler profiles have unbounded growth as t tends to infinity is not known.
We would like to thank Blake Temple for calling our attention to this question and the work of Hunter and also for illuminating conversations.
The examples are 3 x 3 systems of conservation laws ul(t,x), u2(t,x), u3(t,x) ), with constants c and b > 0 to be specified below. Near u = 0, the systems are strictly hyperbolic and are genuinely nonlinear as soon as e ~= 0. Introduce the phases q~a(t,x) -x -t, q)2(t,x) = -2x, qo3(t,x) --x + t.
(1.7)
